
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 15, No. 5, September-October 1992

Robust //oo Control Synthesis Method and Its
Application to Benchmark Problems

Bong Wie* and Qiang Liut
Arizona State University, Tempe, Arizona 85287

and
Kuk-Whan Byunf

Dynacs Engineering Company, Inc., Palm Harbor, Florida 34684

This paper presents a robust //<» control synthesis method for structured parameter uncertainty. The robust
//oo control design methodology is also incorporated with the so-called internal model principle for persistent-dis-
turbance rejection. A noncollocated control problem of flexible space structures subject to parameter variations
is used to illustrate the design methodology. It is shown that the proposed design method invariably makes use
of nonminimum-phase compensation and that it achieves the desired asymptotic disturbance rejection by having
a disturbance rejection "dipole."

I. Introduction

I N this paper we present a robust control design metho-
dology and its application to the benchmark problem of

Ref. 1. The benchmark problems are concerned with robust
control design for a simple yet meaningful two-mass-spring
system first introduced in Ref. 2. The control design method-
ology is based on the recent advances in H^ control3-4 and an
approach developed in Refs. 5-7 for controller robustification
with respect to structured parameter uncertainty. It further
incorporates the internal model principle for robust asymp-
totic disturbance rejection in the presence of persistent exter-
nal disturbances as well as structured parameter uncertainty.

The robust servomechanism problem for asymptotic track-
ing and disturbance rejection has been investigated by many
researchers over the last three decades, and it seems that the
internal model principle is the most intuitive solution to such
a control problem. A detailed discussion and a comprehensive
list of references for this subject can be found in Ref. 8. In this
paper, the internal model principle is incorporated for the first
time with the robust //«, control synthesis methodology of
Refs. 5-7 and is applied to the benchmark problems of Ref. 1.

A linear-quadratic-regulator design incorporating the inter-
nal model principle was first investigated in Ref. 9 for the
Space Station Freedom excited by persistent aerodynamic dis-
turbances. In Refs. 5 and 7, a robust Hx control synthesis
technique is developed for a case with nonlinear multiparame-
ter variations and is applied to the Space Station control prob-
lem, resulting in a significant improvement in parameter ro-
bustness margins. The concept of a disturbance rejection
"dipole'' is introduced in Ref. 10 from a classical control
viewpoint and has been experimentally validated by ground
test of the Mini-Mast flexible structure.11

This paper will show that the proposed design method in-
variably makes use of nonminimum-phase compensation for a
class of noncollocated control problems with structured pa-
rameter uncertainty and that it achieves the desired asymptotic
disturbance rejection by having a disturbance rejection dipole.

The remainder of this paper is organized as follows. In
Sec. II, the benchmark problem is briefly reviewed. In Sec. Ill,
a robust H^ control synthesis methodology incorporating
structured parameter variations is presented. Robust control
designs for problems 1 and 2 of the benchmark problems are
presented in Sees. IV and V, respectively. The oo-norm param-
eter margin is employed in Sec. V as a stability robustness
measure with respect to multiparameter variations. In Sec. VI,
the internal model principle is incorporated with the robust //«,
control synthesis methodology and is applied to problem 3 of
the benchmark problems in the presence of persistent excita-
tion as well as structured parameter variations.

II. Benchmark Problems
Consider a two-mass-spring system shown in Fig. 1, which is

a generic model of an uncertain dynamical system with a rigid-
body mode and one vibration mode.1'2 It is assumed that for
the nominal system mi = m2=\ and k = 1 with appropriate
units and time is in units of seconds. A control force acts on
body 1, and the position of body 2 is measured, resulting in a
noncollocated control problem.

This system can be represented in state-space form as
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Z =X2 dc)

where x{ and x2 are the positions of body 1 and body 2,
respectively; *3 and ;c4 the velocities of body 1 and body 2,
respectively; u the control input acting on body 1; y the mea-
sured output; wi and w2 the plant disturbances acting on body
1 and body 2, respectively; v the sensor noise; and z the output
to be controlled.

The transfer function description of the plant is

y(s) = u(s) (2)

Constant-gain linear feedback controllers are to be designed
for the following three different problems:

Problem 1
For a unit impulse disturbance exerted on body 1 and/or

body 2, the controlled output (z = x2) must have a settling time
of about 15 s for the nominal system with mi = m2 = k = l. The
closed-loop system should be stable for 0.5</:<2.0 and
m{ = m2= 1. The sensor noise, actuator saturation, and high-
frequency rolloff must be considered to reflect practical con-
trol design tradeoffs.

Problem 2
Maximize a stability robustness measure with respect to the

three uncertain parameters m\, m2, and k whose nominal
values are m\ = m2 = k = 1 . For a unit impulse disturbance ex-
erted on body 1 and/or body 2, the controlled output must
have a settling time of about 1 5 s for the nominal system with

Problem 3
There is a sinusoidal disturbance with known frequency of

0.5 rad/s acting on body 1 and/or body 2, but whose ampli-
tude and phase, although constant, are not available to the
designer. The closed-loop system must achieve asymptotic dis-
turbance rejection for the controlled output with a 20-s settling
time for m \ = m2 = 1 and 0.5 < k < 2.0.

HI. Robust Hv Control Synthesis Methodology
In Refs. 5-7, a robust control synthesis technique is investi-

gated by converting the parameter-insensitive control design
problem into a conventional //<» control problem. An interest-
ing feature of the technique explored in Refs. 5-7 is the fact
that the state-space solution to a standard //«, control prob-
lem, developed in Refs. 3 and 4, can be simply utilized by
redefining the structured parameter variations in terms of fic-
titious inputs and outputs. In this section, such a robust Hx
control synthesis technique for structured parametric uncer-
tainty is presented as a brief, self-contained summary of the
methodology.

The //oo-norm of a real-rational matrix T(s) is defined as

= sup||7X/«)|

where a[T(ju)] is defined as the largest singular value of
T(ju>) for a given o>. The //«, space consists of functions that
are stable and bounded.

Consider a linear, time-invariant system described by

x(t) = Ax(t) +

z ( t ) = C,x(0 + Dn

y ( t ) = C2x(t) + D2l

B2u(t)

+ Dl2u(t)

+ D22u(t)

where* € <R", w € (RW1, u € (RW2, z € (&p\ and^ € (RP2 are the
state, disturbance input, control input, controlled output, and
measured output vectors, respectively.

The transfer function representation of this system is given
by

(4)

To utilize the concept of an internal feedback loop, the
system with uncertain parameters is described as

A B! B2

Ci Dn D12

C2 D2l D22

(5)

where C\, D\\9 and D{2 are not subject to parameter varia-
tions. The perturbed system matrix in Eq. (5) can be linearly
decomposed as follows:

A . £, B2

Ci Ai Dn

C2 D2l D22

+ 8 (6)

where the first matrix on the right-hand side is the nominal
system matrix and 8 is the perturbation matrix defined as

o
AC2

(7)

Suppose that there are m independent uncertain parameters
pi and that the perturbation matrix 8 is decomposed as

8= -

Mx

0
Mv

E[NX Nw Nu] = -MEN

where

(8)

(9)

It should be noted that the decomposition of the perturbation
matrix is not unique.

By introducing the following new variables

0 Nw Nu]

4 -Ez

(10a)

(10b)

(3)

where w is the fictitious input; z the fictitious output; and E
the fictitious, internal feedback loop gain matrix, we get the
following system description:
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The overall system can then be represented in transfer func-
tion form as

GH G-$2 ^33

w = -Ez

u = -K(s)y

(12a)

(12b)

(12c)

where K(s) is a feedback compensator to be designed.
To utilize the state-space representation given by Eq. (3),

z, w, and the associated matrices are defined as follows:

DD"~
D
A'~

D2l-[My D2l] (13)

The resulting modified state-space representation of the sys-
tem is then given by

x(t) = Ax(t) + B} ft(t) + B2u(t)

z(t) = C,x(t) + Dnw(t) + Dl2u(t)

y(t) = C2x(t) + D2l w(t) + D22u(t) (14)

After closing the control loop with a stabilizing controller
K(s), we get the following representation of the closed-loop
system (but with the internal feedback loop broken):

where

Tn 5,2
Tn r22.

T22 = G22 - G23K(I + G33K) ~l G3

(15)

(16a)

(16b)

(16c)

(16d)

(16e)

The actual closed-loop transfer matrix from w to z under
plant perturbations is represented as

(17)

The following two theorems provide sufficient conditions
for stability/performance robustness.

Theorem I (Stability Robustness)
If l|7n(s)||oo<7, then Tzw(s,aE) Va € [0,1] is stable for

Theorem 2 (Performance Robustness)
If | r2fi,||08<7, then Tzw(s,aE) Va € [0,1] is stable and

' || 7-^(5 ,a^)||08<7 Va € [0,1] with ||̂ || < 7-».
The following theorem4'5 gives a robust //oo-suboptimal con-

troller that satisfies the condition in theorem 2.

Theorem 3 (Hx-Suboptimal Controller)
Assume that
1) (A ,B2) is stabilizable and (C2,A) is detectable.
2) D£[C, £>,2] = [0 /].

3)

4) The rank of P\2(ju) and P2\(ju>) is A/72 and /?2, respec-
tively, for all o>.

5) D n =OandD 2 2 = 0.
There exists an internally stabilizing controller such that

||^vv||oo<7, if and only if the following Riccati equations

^Q (18)

{B{ (19)= AY+YAT-

have symmetric positive semidefinite solutions X and Y such
that

1) A -(B^-y^B^Xis stable.
2) y4 - y(C2

rC2-7"2QrQ) is stable.
3) (/ - 7"2 FJQ- ! 7 is positive semidefinite.
An //oo-suboptimal controller that satisfies ||rzvv||00<7,

where 7 is a design tradeoff variable specifying an upper
bound of the perturbed closed-loop transfer matrix Tzw, is
then obtained as

where

x = Acx + L

u = -Kx

K =

Ac = A - B2K - LC2

(20a)

(20b)

(21)

(22)

(23)

and x represents the controller state vector.
The closed-loop system (neglecting all the external inputs) is

then described as

\ x \ \ A -B2K\\x\
UJ [LC2 Ac JUJ

(24)

It can be shown that the separation principle of the conven-
tional linear-quadratic-Gaussian (LQG) synthesis technique
does not hold in this case.

IV. Robust Control Design for Problem 1
A robust //oo control design for problem 1 was first pre-

sented in Ref. 6, but it is included here for the completeness of
the benchmark problems and their solutions. For the state-
space description of a two-mass-spring model with one uncer-
tain parameter k, described by Eq. (1), the variation A^4 is
decomposed as

1 0 0] (25)

The other elements of the perturbation matrix in Eq. (7) are all
zeros. Note that A A is spanned by the matrices

0
0
1

-1

Nx = [l - 1 0 0]
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where Mx is the fictitious disturbance distribution matrix span-
ning the columns of AA, and Nx is the fictitious controlled
output distribution matrix spanning the rows of AA . The fic-
titious input and output for this example are then expressed as

(26)

That is, the internal feedback loop-gain matrix E is simply the
spring stiffness perturbation Ak here.

Equation (26) replaces the parameter variation in Eqs. (1),
resulting in the following equations:

V
*2
X3

*4.

-j-

0
0
0
1

0 0
0 0

-1 1
1 -1

0
0

WT + 1
-1

1
0
0
0

w

ra-
>> =

0
1
0
0

~xi
X2

*3

X4

0
0
1
0

x\-x2

u

X2 + V

(27a)

(27b)

(27c)

As can be seen in Eq. (27b), the control input u has been
included in the controlled output as z = [x2 u]T to minimize
the control effort, too. For design simplicity, external distur-
bance w2 will be assumed to be zero, but closed-loop simula-
tion results with w2 will be presented later.

By defining

w*-
w

w, '-['1LzJ (28)

ROOT LOCUS FOR PROBLEM tl
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Fig. 3 Time responses to a unit-impulse disturbance acting on body 2
(problem 1).

we get the modified system matrices in Eq. (14) as

C\ =

A =

0
0

-1
1 -

0 0 0
0 0 0
1 1 0

- 1 0 0

1 _

0
0

w

1 0 0
1 0 0
0 0 0

0 1 0
0 0 1
1 0 0
1 0 0

B2 =

, D12 =

0
0
1
0

0
0
1

C2= [0 1 0 0], D2l = [0 0 \\W

where W is a diagonal weighting matrix for w.
The weighting matrix Wand y are design tradeoff variables,

which are often chosen after some trial-and-error iterations.
By selecting y = 1 and the disturbance weighting matrix

W = diag (0.1,0
we obtain a controller as

xc = A cxc

025,0.025)

+ Ly

u — —Kxc

where

Ac =

0.0 -0.7195
0.0 -2.9732

-2.5133 4.8548
1.0063 -5.4097

1.0 0.0
0.0 1.0

-1.7287 -0.9616
-0.0081 0.0304

L = [0.720 2.973 -3.370 4.419]T

K=[l. 506 -0.494 1.738 0.932]

or in transfer function form as

- 0.0827(5/0.145 + 1)( - 5/0.984 + 1)
11(5) =

Fig. 2 Root-locus vs overall loop gain (problem 1).

[(5/1.586)2 +2(0.825)5/1.586+ l]

(5/3.434+1)
————————————————— v i s )
[(s/2.24)2 + 2(0.459)5/2.24 + l] (29)
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which is a nonminimum-phase compensator. Some general
comments on the merits and drawbacks of such nonminimum-
phase compensation will be made later in Sec. VII. Detailed
discussion on nonminimum-phase compensation can be found
in Refs. 6 and 12.

Figure 2 shows a closed-loop root locus plot vs overall loop
gain of this compensator. The nominal system has a gain mar-
gin of 3.35 dB and a phase margin of 24.45 deg. Such gain and
phase margins can be considered to be relatively small com-
pared with typical 6 dB and 40 deg margins employed in prac-
tice. It is, however, important to note that the control design
problem here is concerned with controller robustification with
respect to plant vibration pole uncertainty caused by paramet-
ric variation of the spring stiffness k. Some further discussion
on this issue will be given in Sec. VII.

The nominal closed-loop poles are

-0.337 ±0.336./,
- 0.376 ± 1.495y,

-0.514 ±0.4147
- 1.109 ±1.7977

(30)

The settling time of the nominal closed-loop system can be
estimated as 4/0.337 = 11.87 s, based on the time constant of
the closed-loop rigid-body mode pole. Figure 3 shows that the
nominal closed-loop system settles down within 15 s, as speci-
fied, for a unit impulse exerted on body 2.

It can be easily checked that the closed-loop system is stable
for 0.449< k < 3.264, which corresponds to the parameter per-
turbation range of

-0.551 < A A : < +2.264

It is interesting to note that the closed-loop system has a pa-
rameter margin of 0.32 with respect to three uncertain parame-
ters m\, m2, and k as illustrated in Fig. 2, which will be dis-
cussed in the next section.

V. Robust Control Design for Problem 2
A "hypercube" in the space of the plant parameters, cen-

tered at a nominal point, is used as a stability robustness
measure for problem 2. The robust control synthesis problem
is then to find a controller that yields the largest hypercube
that will fit within the existing, but unknown, region of stabil-
ity in the plant's parameter space.

It is shown in Ref. 13 that, for mass-spring dynamical sys-
tems such as the system shown in Fig. 1, the masses and the
spring constants appear multilinearly in the numerator and
denominator of the plant transfer function, as can be seen in
Eq. (2). It is also shown in Ref. 13 that the oo-norm parameter
margin computation for a stabilized mass-spring system using
a frequency-sweeping approach based on the mapping theo-
rem can become numerically sensitive because of a possible
discontinuity in frequency. Reference 14 analytically proves
that the numerical sensitivity problem encountered in Ref. 13
is caused by actual discontinuities in frequency. As discussed
in Refs. 14 and 15, the oo-norm parameter margin of a con-
troller designed for problem 2 can be simply found by checking
for instability in the corner directions of the parameter space
hypercube, at a finite number of critical frequencies.

In this section, the concept of internal feedback loop em-
ployed for linear systems described by first-order state-space
equations is extended to structural dynamic systems described
by second-order matrix differential equations with uncertain
mass and stiffness matrices. The equations of motion of the
system shown in Fig. 1 can be written as

oir*ri f *
J L -

-* (31)

where the three uncertain parameters m\9 m2, and k appear
linearly in the mass and stiffness matrices. For design simplic-
ity, vv2 is assumed to be zero.

x2 = ( X l -x2) - d2x2 + 63(xi -x2)

Define the following new variables:

Z2

The perturbed parameters can be represented as

/HI = 1 + 6 1 (32a)

m2 = 1 + <52 (32b)

k = 1 + 63 (32c)

where 6, represents the percentage perturbation from the nom-
inal values of each parameter.

Substituting Eqs. (32) into Eq. (31), we get

(33)

(34a)

(34b)

(35)

(36a)

(36b)

(37)

M>2

x2

X\—X2

= -Ez

where

Equation (33) can then be expressed as

x\ = -(x\-x2) + w\ + w3 + Wi + u

By defining

we get the modified system matrices in Eq. (14) as

A =

0
0

-1

0 1 0
0 0 1
1 0 0

1 - 1 0 0

0 0 0 0 0
0 0 0 0 0
1 0 1 1 0
0 1 - 1 0 0

c,=

-1
1
1
0
0

1
-1
-1

1
0

0
0
0
0
0

0
0
0
0
0
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1 0 1 1 0
0 1 - 1 0 0
0 0 0 0 0 W
0 0 0 0 0
0 0 0 0 0

C2=[0 1 0 0], A>2 = 0

A>i = [0 0 0 0 l] W

where W is a diagonal weighting matrix for vv.
Since £>n ̂ 0 here, the Glover-Doyle algorithm3 is employed

to obtain a robust //oo-suboptimal controller for problem 2
with the three uncertain parameters m\, m2, and k.

After trial-and-error iterations, we select 7= 1 and the dis-
turbance weighting matrix

W = diag [0.001,0.001,0.044,0.036,0.224]

to obtain the following controller:

xc = Acxc + Ly

u = -Kxc

where

Ac =

L = [0.195 0.679 -0.036 0.20l]r

K = [1.572 -0.772 2.145 0.277]

The controller in transfer-function form is

-0.0728(5/0.132 +l)(s-/l. 075 + 1)

(38)

(39a)

(39b)

0.125
-0.112
-2.575

1.007

-0.288
-0.553

1.808
-1.197

1.059
-0.052
-2.149

0.004

0.008
0.993

-0.277
0.001

[(s/0.857)2 + 2(0.877)5/0.857 + l

(-5/3.876+1)
[(s/1.573)2 + 2(0.341)s/1.573 + y(s) (40)

which is a nonminimum-phase compensator.
Figure 4 shows a closed-loop root locus vs overall loop gain.

The nominal system has a 6.1 dB gain margin and a 34.13 deg
phase margin. A significant improvement of gain and phase
margins is achieved over the controller designed for problem 1
with a 3.35 dB gain margin and a 24.45 deg phase margin. Such
an improvement is because the control design for problem 2
with three uncertain parameters also attempts to maximize the
gain margin, since the parametric variation in the corner direc-
tions of 61 = 62 = 63 corresponds to a pure loop-gain variation.

The nominal closed-loop poles are

-0.232 ±0.192y, -0.459 ±0.394y
-0.172 ± 1.431./, -0.425 ± 1.318/

The settling time of the nominal closed-loop system can be
estimated as 4/0.232= 17.24 s, based on the time constant of
the closed-loop rigid-body mode pole. Figure 5 shows that the
nominal closed-loop system settles down within approximately
15s for a unit impulse exerted on body 2.

As discussed, the oo-norm parameter margin is employed as
a stability robustness measure, and it is found by checking for
instability in the corner directions of the parameter space hy-

percube. The oo-norm parameter margin, denoted as pm, of
the preceding controller designed for problem 2 can be found
as pm = 0.46 with the critical frequency of 0.748 rad/s and the
critical parameters of mi = m2= 1.46 and k =0.54, as illus-
trated in Fig. 4. The critical corner corresponds to an increase
in both the masses and a decrease in the spring stiffness.

A significant improvement of the parameter margin is also
achieved over the controller designed for problem 1 with the
parameter margin of /?m=0.32 at the critical frequency of
0.643 rad/s. The critical parameters are m{ = m2 = k = 0.68, as
illustrated in Fig. 2. The critical corner shown in Fig. 2 corre-
sponds to decreasing all three parameters; thus it corresponds
to a pure loop-gain increase. Consequently, a 0.32 parameter
margin at this critical corner corresponds to a gain margin of
3.35 dB.

It seems that the control design for problem 2 has achieved
the primary goal of finding a controller that yields the largest
hyper cube that fits within the stable domain in the plant's
parameter space, subject to all other design requirements.

VI. Robust Control Design for Problem 3
In this section, the robust //«, control design methodology

presented in Sec. Ill is incorporated with the internal model
principle for robust asymptotic disturbance rejection and is
applied to problem 3.

Consider a sinusoidal disturbance described by

which is acting on body 1 and/or body 2 of the two-mass-
spring model in Fig. 1. It is assumed that the amplitude and
phase of the disturbance are constant but unknown. To

ROOT LOCUS FOR PROBLEM 12

Parameter Space
12.811 rad/s 391

1

0.44

0.0

= 0.748 rad/sec
Gain = 2.0198 (6.1 dB)

Fig. 4 Root-locus vs overall loop gain (problem 2).

xl = dashed. x2 = solid.

-0.5 -0.4
10 20 30 40 0 10 20 30 40

Time (sec) Time (sec)

Fig. 5 Time responses to a unit-impulse disturbance acting on body 2
(problem 2).
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achieve asymptotic disturbance rejection, an internal model
of the disturbance, which is driven by the measured output,
must be introduced in the feedback loop. In this approach,
the actual location of external persistent disturbances is not
important.

The disturbance rejection filter is assumed to have the form

This model can be represented in state-space form as

xd = Adxd + Bdy

(42)

(43)

where -[ -0.25 O

The state-space equation for the two-mass-spring model,
described by Eqs. (1) with m\ = m2 = 1 , is augmented to include
the internal disturbance model as follows:

x = Ax

z =

B2u

y = C2x + D2\ w + D22u (44)

where x = [xp, xd]T is the augmented
plant state vector, w = [w1? v]r,

A =

" 0
0

— k
k
0
0

B\ —

0
0
1
0
0
0

0 1
0 0
k 0
-k 0
0 0
1 0

0
0
0
0
0
1

9

and

0
1
0
0
0
0 -

B2

state vector, xp is the

o o"
0 0
0 0
0 0
0 1

-0.25 0

=

"o"
0
1
0
0
0

To i o o wa wJ To]
c '-[o o o o o o j ' Dl2~[\\
C2=[0 1 0 0 0 0], £>2i = [0 l]

and Dn = 0, D22 = 0; wa and w^ are weighting factors for a and
a, respectively.

The system matrix perturbation due to the uncertainty of k
can be decomposed as

A A = -MxkkNx (45)
where Mx and Nx span the columns and rows of AA , respec-
tively, and are written as

0

0

1

-1
0
0

Nx = [l -1 0 0 0 0]

One approach for applying the robust //«, control theory,
incorporating the internal model principle, is to directly follow
the procedure described in the preceding section. In this case,
the controller equation for the augmented system is expressed
in state-space form as follows:

+ Ly

where

Ac = A - B2K - LC2

(46a)

(46b)

(47)

and K, L, and X are obtained by solving two Riccati equa-
tions, Eqs. (18) and (19), for the modified, augmented system
described by Eq. (44). This approach, however, fails to pro-
vide a compensator with poles exactly at the disturbance fre-
quency (i.e., at ±0.5.;), since the disturbance filter model is
driven by the estimated state £2, not directly by the measured
x2. As a result, the effect of the sinusoidal disturbance, though
reduced significantly, cannot be completely rejected using this
approach.

To have ±Q.5j as compensator poles, the following simple
modification is proposed here without a formal mathematical
proof. However, as can be seen later in this section, the pro-
posed approach does not significantly change the overall
closed-loop stability and performance of a controller obtained
using Eqs. (46).

First, the original controller equation given by Eqs. (46) for
the augmented system is rewritten as

(48a)

(48b)

where Ay are the submatrices of Ac.
Then, xd is simply replaced by xd with the following substi-

tutions in Eqs. (48):

B

-A22 (49)

Finally, the robust H& controller incorporating the internal
model principle is expressed in state-space form as

(50a)

<50b)

where

Ac =

Kd

After a certain amount of trial and error, we select y~ 10,
a = 0, wa = 0.35. The disturbances w, w l 5 and v are weighted
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by 0.2, 0.018, and 0.13, respectively. The controller corre-
sponding to these weighting factors can be found as

xl = dashed. x2 = solid.

0
0
2.97
1
0
0

0.46
-1.36
2.07
-1.92

0
0

1
0

-1.98
0
0
0

0
1

-1.57

0
0
0

0
0

0.17

0
0

-0.25

0

0
0.09

0
1
0

£c = [-0.46 1.36 -0.79 0.92 0 l]r

Cc = [l.97 -0.29 1.98 1.57 -0.17 0.09]

or in transfer function form as

-0.0286(5/0.08+ 1X-5/0.81 + l)(s/1.74 + 1)u(s) =
[(5/1.17)2 + 2(0.86)5/1.17 + l]

[(5/0.47)2 - 2(0.18)5/0.47 + l]
[(5/1.88)2 + 2(0.35)5/1.88 + l] [(5/0.5)2 + l] y(s) (51)

which is a sixth-order nonminimum-phase compensator. It can
be seen that for asymptotic disturbance rejection, the compen-
sator has poles at ±0.5j with the associated nonminimum-
phase zeros at + 0.087 ±0.463y. Such a pole-zero pair is called
a disturbance rejection "dipole" in Ref. 10.

Figure 6 shows a closed-loop root locus vs overall loop gain.
The nominal system has a 4.34 dB gain margin and a 28.6 deg
phase margin. (Note that, similar to problem 1, loop gain
uncertainty is not considered in control design for problem 3.)

The closed-loop poles of the nominal system are

-0.167iO.164y,

- 0.467 ±0.419./,

-0.511 ±1.503./

-0.168 ±0.494y

-0.358 ±1.485.7

The settling time of the nominal closed-loop system can be
estimated as 4/0.168 = 23.8 s, based on the time constant of the
closed-loop pole of the disturbance rejection filter.

ROOT LOCUS FOR PROBLEM 13

Parameter Space

Nominal Gain = 1

2.367 rad/sec

0.779 rad/sec

20 40
Time (sec)

60 0 20 40 60
Time (sec)

Fig. 7 Time responses for problem 3 with w\(t) = sin 0.5f and
w2(t) = 0.

xl = dashed. x2 = solid.

20 40
Time (sec)

Fig. 8 Time responses for problem 3 with H>i(f) = 0 and n>2(0 =
sin 0.5*.

Fig. 6 Root-locus vs overall loop gain (problem 3).

The time responses to w1(/) = sin(0.50 and
are shown in Figs. 7 and 8, respectively. It can be seen that the
controlled output x-i settles down within 20 s, and robust
asymptotic disturbance rejection is achieved because of the
compensator poles exactly at ±0.5j.

The closed-loop system is stable for 0.49<A:<2.58, which
corresponds to the parameter perturbation range of

-0.51 <AA:-< +1.58
If the closed-loop system has three uncertain parameters m i ,
ra2, and k similar to problem 2, the oo-norm parameter margin
can be found as/?m = 0.394 with the critical frequency of 0.337
rad/s and the critical parameters of ml = m2 = k =0.606, as
illustrated in Fig. 6.

VII. Discussion
A few comments on the merits and drawbacks of nonmini-

mum-phase compensation are made here. In particular, an
issue regarding the relatively small gain and phase margins of
nonminimum-phase compensation in general, compared with
typical 6 dB and 40 deg margins employed in practice, is briefly
discussed here.

For the benchmark problem, it is possible to design a mini-
mum-phase compensator with relatively large phase margin
(e.g., see Refs. 16 and 17). However, such a high-pass, phase-
lead, minimum-phase controller (which is basically a "differ-
entiating" compensator) inevitably results in a large loop-gain
increase at high frequencies (e.g., a 100 dB increase17). It
would amplify any measurement noise intolerably and often
result in actuator saturation. Furthermore, it may destabilize
any unmodeled high-frequency flexible modes because of its
large gain increase at high frequencies.

On the other hand, most nonminimum-phase compensation
results in significant rolloffs, ai the expense of relatively small
gain/phase margins at low frequencies. Consequently, such
relatively small gain/phase margins are often inevitable for a
nonminimum-phase compensator that is properly designed for
structured parameter uncertainty. It is, however, possible to
improve gain/phase margins of a nonminimum-phase com-
pensator by including the loop gain and/or phase uncertainty
as one of structured uncertain parameters.

In problem 2 with three uncertain parameters, the control
design also attempts to maximize the gain margin, since pa-
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rameter variation in the corner directions of 61 = 62 = 53 corre-
sponds to pure loop-gain variation. Consequently, the control
design for problem 2 has resulted in a 6.1 dB gain margin and
a 34.13 deg phase margin, which is a significant improvement
over the control design for problem 1 in which loop-gain un-
certainty was not considered in design.

VIII. Conclusions
A robust //a, control synthesis technique and its application

to a benchmark problem have been presented. The proposed
design methodology also incorporates the internal model prin-
ciple for robust asymptotic disturbance rejection in the pres-
ence of persistent external disturbances. The oo-norm parame-
ter margin as well as the conventional gain/phase margins was
employed as a stability robustness measure of a closed-loop
system with structured multiparameter variations.
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